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Abstract

We use the natural geometry of a symmetric Fleming-Viot operator £ to obtain ana-
lytical descriptions of the corresponding Dirichlet space (£, D(£)). In particular, we give
a complete characterization of functions in D(€) in terms of their differentiability proper-
ties along exponential families. Moreover, we prove a Rademacher theorem stating that
any function which is Lipschitz continuous with respect to the Bhattacharya distance is
contained in D(€) and possesses a bounded gradient. A converse to this statement is also
given. Thus, we relate the Bhattacharya distance to the potential theory of L.
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1 Introduction

In this paper, we examine the generator £ and the symmetric Dirichlet form (€, D(£))
associated with a Fleming-Viot process with parent-independent mutation. This process
is a widely studied infinite-dimensional diffusion taking values in the space M; := M1(E)
of probability measures over a Polish phase space E; see e.g. [6], [9],[8], [18]. Here, our
main concern will be to characterize analytically the Dirichlet space (£, D(£)) in terms of
the differentiability properties of its members. It is well-known that the form (€, D(£))
is of gradient type. But, as often in infinite dimensions, the gradient Du(u) of a function
u € D(E) does not depend on all values u takes in a small neighborhood of the point
1 € My, but only on those which lie in certain directions. The same phenomenon occurs
on Wiener space, where only differentiability in directions of the Cameron-Martin space is
relevant. In our case, however, the convex structure of M; does not provide the natural
geometry for (£, D(£)). Instead, the natural ‘tangent space’ on M; varies from point to
point and so does the corresponding inner product. As observed by Overbeck et al. [18],
one should take as the tangent space in p the set L?(u) := L?(E,u) endowed with an
inner product given by the covariance with respect to u. Moreover, it was shown in a
previous paper of the author [23] that the intrinsic metric of the Dirichlet form (£, D(£))
is given by the Bhattacharya distance p on M. When p is restricted to the subspace of all
measures which are absolutely continuous with respect to a given reference measure, one
obtains the geometry of an infinite dimensional sphere segment. This aspect of p possesses
applications in statistics (see, for instance, Amari [3]) and in differential geometry (see
Friedrich [10]). For Fleming-Viot processes, p must be considered on the full set M;, and
one obtains a hierarchical structure of infinite-dimensional sphere segments. Thus, the
symmetric Fleming-Viot process provides an explicit case study of an infinite-dimensional
process on a curved and non-flat state space.

Our first main result, Theorem 4, characterizes all functions in D(€) by their differ-
entiability properties along those curves in M; which are formed by exponential families
obtained from bounded measurable functions. It turns out that the arc length of an ex-
ponential family measured by the Bhattacharya distance relates exactly to the gradient
of our form.

Another main result is an infinite-dimensional version of the celebrated theorem of
Rademacher [19] stating that Lipschitz functions on R¢ are differentiable almost every-
where and in the weak sense. In our Theorem 19, we show that a function on M which
is Lipschitz continuous with respect to the Bhattacharya distance lies in D(€) and pos-
sesses a bounded gradient. Also a converse of this theorem holds: a function in D(€) with
bounded gradient possesses a Lipschitz version.

Generalizations and extensions of Rademacher’s theorem have recently been of interest
also in other contexts: abstract Wiener space (and some of its generalizations) were consid-
ered by Kusuoka [13], Enchev and Stroock [7], Bogachev and Mayer-Wolf [4], and others.
The paper [22] of Rockner and the author deals with the configuration space of infinite
particle systems as another infinite dimensional and non-flat case study. Independently
from these developments in probability theory, Cheeger [5] obtained general versions of



Rademacher’s theorem on abstract metric measure spaces. However, Cheeger’s assump-
tions include, for instance, a Vitali covering condition, so that his results and methods do
not apply to the infinite-dimensional case studies mentioned before.

The paper is organized as follows. After the setup has been introduced, we give a
characterization of the reversible distribution m of L, the so-called Dirichlet point process,
in terms of an integration by parts formula. This formula is one of the main tools in
deriving Theorem 4, which connects the Dirichlet space (£, D(€)) with the differentiability
properties of its members along exponential families. Theorem 4 is stated in Section 4.
In the subsequent Section 5, we discuss the consequences of replacing the original o-field
on the phase space E by a smaller one. This technique is needed for the proof of our
Rademacher-type theorem, which itself is presented in Section 7. For the proof, we need
also some understanding of the geometric relations between exponential families, Fisher
information, and Bhattacharya distance. The corresponding results are the subject of
Section 6. In the final Section 8, we address some questions concerning the potential
theory of (£, D(£)). For instance, we study the behavior of the Bhattacharya distance
function of a given subset of M; and show that m-zero sets have exceptional intrinsic
interior.

2 Preliminaries and notation

Let (F,B) be a standard Borel measurable space and M7 := M (F, B) the correspond-
ing space of probability measures. M; will be endowed with the o-algebra F which is
generated by the maps p — (f,pu) := [ fdu with f € By(E), the space of bounded B-
measurable functions. A suitable set FCp° of “smooth” test functions on M is provided
by functions u of the form

w(p) = F((fr, 1), (fnr 1)) (1)

where n € N, F is a C*™-function on R* and f; € By(E). For u € FCp° its gradient
Du : My x E — R is defined by taking the derivative of u in the direction of the Dirac
mass 0, in a point = € E:

Du(p,z) = i‘ B u((1—t)p+tdy) -

dt lt=0
For u as in (1) one obtaines that
i=1

Here, 0;F denotes the i*® partial derivative of F. Thinking of Du(y) as a “tangent
vector” on M suggests that the tangent space T,,M; should consist of all those functions
f € L?(u) for which (f,u) = 0. We endow this tangent space T,,M; with the usual inner



product (-,-), on L?*(u). To simplify notations, it will be useful to extend this inner
product to all of L?(x) by combining it with the canonical projection onto T, M so that

(fag)u = COVN(faQ)? a‘nd ||f||;2t = (f’f)u = Va‘rll(f)a

where cov,, and var, denote, respectively, the covariance and the variance with respect to
78

If A is the generator of a conservative Markov process on E, the (formal) generator of
a Fleming-Viot process with mutation operator A is given by

Lu(p) = 5(D*u(p), ) + (ADu(p), u) (3)

where D?u(u, ) := D(Du(-,z))(u,z) and the operator A acts on the E-component of
the function Du. For u as in (1) with f; € D(A), Lu(p) takes the following form:

Lu(p) = Y 00 F((f1, 1), (frr 1)) (fir i) (4)

i,j=1

+ 3 OF((fr, 1), - - (fr 1)) (Afis 1) -

i=1

For a large class of generators A it is possible to associate £ with a measure-valued diffusion
process; see, e.g., [6], [9], [8]. In the present paper, we will be interested in the case where
L allows for a reversible stationary distribution m. At least under the assumption of the
irreducibility of A, such a reversible stationary distribution can be found if and only if A
is of uniform type, i.e.,

Af@) = 5 [ (1) - 1)) viay) (5)
for some finite positive measure v on (E, B); see [17] for finite E and [14] in the general
case. Thus, we will concentrate in the sequel on a mutation operator of the form (5) with
v fixed. Then Lu is well-defined by (3) or (4) for all u € FCp°. Moreover, it is known
that the unique stationary distribution m of L is given by the so-called Dirichlet point
process with parameter v. This random measure can be characterized by the following
property. If By,..., B, is a partition of F into disjoint measurable sets, then the mapping
My 3 e (u(Bi),...,u(Bn)) possesses under m a Dirichlet distribution

PO(E) st
CO(B) -~ Tw(Ba) !

T ) el (©

on the (n — 1)-dimensional simplex {(z1,...,2,) | i > 0, ¢ ; zx = 1}; see [8], [9].
With £ and m we can associate a symmetric Dirichlet form (£, D(€)) as the closure of

1
E(u,) = [ (Dul), Dolu))um(d),  for u, v € FC;
see [18]. Clearly, (Du, Dv) is the carré du champs operator associated with L.

4



Remark 1 It is easy to see that any u € D(E) possesses a gradient Du, which is contained
in the L?-space with respect to the measure m(dz,du) = p(dz) m(du) on M; x E.
Indeed, if (up)nen is a sequence in FCp° approximating u in D(£), then the corresponding
gradients (Duy,)nen form a Cauchy sequence in L?(m), and we can take Du as its limit
point.
For f € By(FE) define Sf: My — M, by
d(Ssp) “ 4
p) i= 75— dp.
T e )

K. Handa [11] showed that m is quasi-invariant with respect to Sy, i.e., the image measure
mo Sy =mo (S_ f)*1 is equivalent to m. Moreover, he calculated the corresponding
density:

T 51 ) = exp [{,) — (B los(e! )] @

See also [29] and [30] for related results. In his paper, Handa shows also that the Dirichlet
point process m is the only stationary distribution for an operator of type (3) which is
quasi-invariant with respect to S;.

It was shown in [23] that the intrinsic metric of £,

p(i, A) := sup {u(,u) —u(A) ‘ u € FC°, (Du, Du) < 1}, (8)

is given by the Bhattacharya distance on M;:

plp, A) = 2arccos/”j—l; . %dn

with 7 being any measure dominating both y and X. For instance, one can take n :=
(B+A)/2.

3 An integration by parts formula

Recall that the operator A is fixed throughout the paperas Af(z) = 5 [ (f(y)—f(z)) v(dy).
A part of the following proposition is already implicitly contained in [9], but we give the
full proof here, since the result will be crucial in the sequel.

Proposition 2 For a given measure m on M1(E) the following conditions are equivalent.

1. m is a Dirichlet point process with parameter v.
2. Foru,v € FCy° and f € By(E),

/(Du, Fodm = — /u(Dv,f) dm - /u'u(Af, Yydm. )

Moreover, if either condition 1 or condition 2 holds, then (9) is true for all u,v € D(E).



Proof: First we show that 1 implies 2. For u € FCp° it is easy to see that %u(Stf,u) =
(Du(Sipi), f)s,pue Thus

%‘t_o/(uostf)vdmz/(Du,f)vdm. (10)
On the other hand, Handa’s result [11] on quasi-invariance of m implies that
dm o S&l
/(uoStf)vdm:/U(UOS_tf)Tdm_ 1)
Moreover, by (7),
d dm o St_f1
2| T () = {0+ v B) ) = —(Af ).

Since all terms are bounded, we may interchange differentiation and integration when
differentiating the right hand side of (11);

0 o1
%‘tzo/u(vos—tf)idm i dm = —/u(Dv,f) dm—/uv(Af, Sdm.

dm

Combining this identity with (10) yields Assertion 2.
Next, if (9) holds for all u,v € FCg°, then it follows from (2) that

—/ﬁu-'udmz/(Du,Dv)dm:—/u-ﬁvdm.

Therefore, m is a reversible distribution for the operator £ from which it follows that m
is a Dirichlet point process with parameter v; see e.g. Theorem 8.1 of [8].

Finally, the extension of the integration by parts formula to all functions in D(E)
follows by approximation and Remark 1. L]

Lemma 3 Suppose that f € By(E), v € D(E), and u is an arbitrary bounded measurable
function My. Then

/(uoSf—u)’Udm: —/OI/uOStf[(D'u,f) + w(Af,-)] dmdt.

Proof: By a monotone class theorem and by approximation arguments it suffices to prove
the assertion for u,v € FCy°. Then also uo Sy € FCP°. Since S(si4p = Ssf 0 Stf, it

follows that
d

(D(uoSy), f) = s

(uoSsp) -

s=t
Therefore,

/(uoSf—u)vdm:Al/%(uosﬁ)vdmdt:/01/(D(uoSt),f)vdmdt.

An application of the integration by parts formula of Proposition 2 thus yields the asser-
tion. L]



4 [L’-theory for £ and £

Recall that 7 denotes the measure m(dz,dy) = p(dz) m(dup). Here is our first main
result.

Theorem 4 Suppose that u € L2(m) and a function Du € L%(m) are given. Then the
following assertions are equivalent.

1. w € D(&) and Du = Du.

2. Ast—0, T(uo Sy —u) — (Du, f) in L2(m) for all f € By(E).

3. Ast—0, 1 [ (uo Sy —u)vdm — f(ﬁu,f)vdm for all v € FCy° and f € By(E).
4. For all f € By(E) and v € FCy°,

/(ﬁu,f)v dm = — /u[(Dv,f) 1 (Af,)] dm.

The proof of Theorem 4 will require some preparations. For instance, we will have to
show that the operator L is essentially self-adjoint on FCy°. In fact, we will show even
a slightly more general result. It implies, in particular, the following proposition, which
is of independent interest if F is endowed with an a-priori topology. It will be proved
subsequently to Proposition 8 below.

Proposition 5 Suppose that E carries a Polish topology T such that B coincides with the
Borel o-field of E. Let FCy°(7) denote the subset of functions in FCy° of the form (1)
which are based on continuous functions f;. Then the closure of the pre-Dirichlet form

(&, FCy°(T)) coincides with (£, D(E)).

Remark 6 For the application of Theorem 4 in Section 5 below it would be convenient
to relax our assumption that (E, B) is a standard Borel space. And, indeed, this property
is used neither in Handa’s proof [11] of the quasi-invariance (7) of m, nor during Section
3. Since these are the only auxiliary results needed, we will prove Theorem 4 under the
milder assumption that B is separable, i.e., there exists a countable generating sequence
Bi,Bs,... in B. Clearly, if (F, B) is a standard Borel space, then B is separable.

Now we prepare for the proof of Theorem 4. Let A denote a partition of E into
pairwise disjoint measurable sets B, ..., B,, and let Pa denote the algebra of functions
generated by the mappings p — p(B;) with ¢ = 1,...,n. Every u € Pa is a polynomial
of the form

u(By)m (12)

N
w() = 3 em

n
m=1 1=

with ky; > 0 and ¢, € R. Clearly, Po C FCy°. For a polynomial u € Pa we introduce
the quantities

n N
d(u) := max Z_Zl ki and c(u) = mzﬂ |erm] -
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Here, we assume tacitly that the particular representation (12) of u cannot be further
reduced.

Lemma 7 The operator L maps Pa into itself: LPA C Pa. Moreover, for any u € Pa,

<
c(Lu) < d(u)(du) + 2v(E)) c(u) (14)

Proof: Write u € Pa as u = Zr]X:l CmUm With up, (1) = [, p(Bi)*mi. Fori=1,...,n
define u,, ; by

_ Jum(@pu(B)™h i kg > 1,
U i) := .
0 otherwise.
A straightforward calculation shows that

n

%(DQU(M%M) = % Z Cm Z K (K mj )[um( ) — 5ijum,i(/‘)]

4,j=1
N n
(ADu(), 1) = =3 em S ki [V(E)um (1) — v(ByYumi()]
m=1 =1

where §;; is Kronecker’s symbol. Since 4y, ; € Pa and d(up, i) < d(uy,), it follows that
Lu € Pa and d(Lu) < d(u). Moreover,

c(,Cu) < Z |Cm|[ Z kmi kmj — 51]) =+ kai [V(E) + I/(BZ) + kmz’ — l]]

1,J=1

N
< Z lem| [d(w)? + 2v(E)d(w)] -

This completes the proof of the lemma. L]

Now let D := {A1, Ag, ...} be a sequence of finite partitions of F into measurable sets
such that Ap; is finer than A,, for all n. Then P(D) defined by P(D) := J,, Pa, is an
algebra of functions in FCp°.

Proposition 8 Suppose thatD := {A1, A, ...} satisfies B = O’(U n) Then (L,P(D))
is an essentially self-adjoint operator on L?(m). In particular, (L, FCS°) is essentzally
self-adjoint.



Proof: It follows from Lemma 7 that LP(D) C P(D) and that, for every u € P(D),
d(L™u) < d(u) and

(L) < d(u) (d(u) + 20(E)) (L™ ) < [d(u) (d(u) + 2v(E))]"c(u) .

Since [|L™u|z2(my < [[£™u]|poo(m) < €(L™u), it follows that every u € P(D) is analytic in
the sense that

o ﬁn m
3 1£7%| 12 (m) c o
o n!

Moreover, P(ID) is dense in L?(m) because it is an algebra of bounded functions containing
the constants and generating the canonical o-algebra F on M;(E). Thus, essential self-
adjointness of (£, P(D)) follows from Nelson’s analytic vector theorem; see Corollary 2 of
Section X.6 in [20]. Finally, since (E, B) is a separable measurable space, we can always
find some D satisfying our assumptions: just take A, as the set of atoms of (B, ..., By)
if By, Bs,... is sequence of sets generating B. L]

Remark 9 As an alternative to the above proof, one can used the fact that the semi-
group generated by £ leaves P(D) invariant. Then one can apply Theorem X.49 of [20]
instead of Nelson’s analytic vector theorem. The writer thanks M. Rockner for pointing
out this fact.

Proof of Proposition 5: Asabove, we can find an increasing sequence D = {A1, Ao, ... }
consisting of partitions of F satisfying the assumptions of Proposition 8. In addition,
we may demand that v does not charge the boundary 0B of any set B € |J,, Ay, ie.,
v(0B) = 0. Under this condition, the indicator I, can v-a.e. be approximated by
continuous functions. Now recall that

P((E)DW(B) + 1) v(B)
| BB @ = S E T = oE) (15)

Thus it is easy to see that any function in P(D) can be approximated in D (&) by functions
in FCp°(7). Finally, Proposition 8 implies that P (D) is dense in D(&). [

Lemma 10 Let f € By(E) be given. Then Sy is a continuous linear operator from L?(m)
to L2(m) and from D(E) to D(E). Moreover, if u € D(E) and us :=uo Sy, then

o/ @)
Duy(p,z) = DU(SfHax)W

E(up,up) < exp [(2+20(E))|flloo] € (u, u)

with || f|leo denoting the usual supremum norm: || f|leo := sSupgeg | f(2)].



Proof: That Sy is continuous on L?(m) is obvious from (7). Moreover, Sy maps FCg°
to FCy° so that it suffices to prove the two remaining assertions for u € FCp°. In the
latter case, the formula for Du; follows from a straightforward calculation. In order to
obtain the estimate for £(uys,us), note that

2f()
Eupuy) = [ [ DulS ) Gy nlda) mici
— [ [ Dutusze! e i) a(da) (m o 5 )

and plug in formula (7).  [J

Lemma 11 Suppose that u € L?(m) and f € By(E) are given. Then t — uo Syp =: ugy
is a continuous curve in L2(m). If u € D(E), then > uss is a continuously differentiable
curve in L%(m) in the sense that it can be written as a vector valued Riemann integral:

¢ t
utf—u:/O(Du,f)o sfds:/O(Dusf,f)ds

with a continuous integrand.

Proof: First note that the form (7) of the density of m o S;; with respect to m implies
that ¢ — |lugs]|2(m) is continuous. Next, it follows from Lemma 3 that

/(utf — wypdm = —/Ot/usf[(D'U,f) +v(Af, )] dmds — 0

as t — 0 for all v € D(£). Since |lugy| 12y is locally bounded in ¢ and D(€) is dense in
L%*(m), we obtain that u;s — u weakly in L?(m) as t — 0. Strong continuity thus follows
from the continuity of the norm.

Now suppose that u € D(E). Then (Duyf(u), f)u = (Du, f) o Sisp, which as an L2-
random variable is continuous in ¢ by the first part of this proof. Hence, the two Riemann
integrals in the assertion exist and coincide; see Theorem 3.3.2 of [12]. Integrating by
parts twice yields that

t
/(Utf —u)vdm = /v/ (Dugg, ) dsdm
0
for all v € D(E). This concludes the proof. [
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Proof of Theorem 4: First note that “1 = 2” follows from Lemma 11, and that “2 = 3”
is trivial. As for the implication “3 = 4”7, note that it follows from Lemma 3 that

_ t
/(Du,f)vdm: _%5%%/0 /uosz[(Dv,va(Af,-)} dm .

But this implies Assertion 4, because s — u o S,y is a continuous mapping into L?(m) by
Lemma 11.

Finally, we show “4 <= 1”. To this end, let V denote the linear hull of all “smooth
vector fields” of the form v(u)f(z) withv € FCg° and f € By(E). For V=37 vifi €V
define its divergence by

n

divV () = Y [(Dvilp), f)u + i) (Afi )]
i=1
Let TM; denote the tangent bundle |J,T,M;. Then (div,V) is a densely defined
operator from L2(M; — T'My,m) to L?(m). Thus its adjoint (d, W'?) is closed, and
so is the bilinear form &(w,w) := [(dw,dw)dm, w € WhH2. Clearly FC° C Wh? and
d = D on FCp°, because for w € FCp°

/(Dw,V)dm:—/wdidem, forall V eV

by Proposition 2. Therefore the closed form (5 ,Wh2) extends (£, D(€)), which, in view
of Proposition 8, can only be true if the two forms coincide. L]

5 Projecting onto smaller spaces

In this section, we consider the situation where we are given a sub-o-field B of B. As
explained in Remark 6 it is not necessary to require that (E, B) is itself again a standard
Borel space. We assume only that B is separable. The set M, = M, (E, g) will be
identified with the larger space M; = M;(E,B) endowed with the o-field F which is
generated by pu — u(B) for B € B. Let us use the tilde to denote _objects based on
(E,B) and (M, F) instead of (E,B) and (M1, F). For instance, FCp° denotes the
corresponding set of “smooth” functions based on bounded B-measurable fi’s. Clearly,
.7?05’0 C FCye°, and D coincides with D on F Cp°. Hence (£,D(£)) extends the closure
(€, D(E)) of the form (€, FCg®). In particular, D(§) C D(£), and D = D on D(£).

Now take an arbitrary function v € D(&) and let % := Ey,[u | F] denote the expecta-
tion of u conditional on F and with respect to the measure m. Note that for a bounded
B-measurable function fs

UoS;=En[uoSs|F]. (16)

11



Indeed, if v is bounded and ﬁ-measurable, then

dm o S;l

dm

/(uOsf)vdm:/u(uos_f) dm:/(aosf)vdm.

In view of (16), Theorem 4 implies that for v € .7?6',?0 and a bounded B-measurable
function f

%/('EOStf —u)vdm = %/(’U,OStf —u)vdm — /Du(,u,m)f(w)v(u)m(da:,dp),

as ¢ = 0. Thus the following result is implied by Theorem 4 together with the fact that
D(&) € D(€) and Du = Du.

Corollary 12 If u € D(E), then also U := Ep[u|F] € D(E), and D is_obtained by
taking the conditional expectation of Du with respect to the product o-field F ® B under
the measure m(dz,du) = p(dx) m(dy).

Next, we consider the particular situation where B is generated by a finite partition
A = {A,..., Ay} of E into measurable sets. Then it is not difficult to see that the
projected situation is isomorphic to considering the finite-dimensional model with Fa :=
{1,...,n} and va == 3 | v(A;)d;. Subsequently, we will use the subscript A to indicate
the quantities of this finite-dimensional model. In particular, any function v € L'(m)
induces a function ua € L'(ma) by the relation

n
ua(map) = Eplu| Fl(p), where map = Zp(Az-)(Si.
i=1
By the above, we obtain the following result.
Corollary 13 Ifu € D(E), then ua € D(EA) and

(Daupa, Daup) oma < Ep, [ (Du, Du) |.7?} m-a.e.

6 Exponential families, Fisher information, and
the Bhattacharya distance

Due to the quasi-invariance of m under exponential shifts, a prominent role is played in
our analysis by the exponential families ¢ — S;rp. In this section, we start investigating
the geometric properties of these curves when M; is endowed with the Bhattacharya
distance p, the intrinsic metric of the Dirichlet form (£, D(£)). The topology generated
by p on M is equivalent to the one generated by the total variation distance || - ||,.,. This
follows from the estimates

™
1= Allvar < p(; A) < %Ilu = AL (17)
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cf. Equation (2.15) of [23].
Let w be a curve from [a, b] into M. Its energy with respect to p is defined as

t 2
Eop(w —$m{ Ejp _tzﬂ)‘aguww1<~«wn§@neN}
7

and the arc length of w is given by
n
Luy(w) = sup { 3 plw(t),w(ti-1)) [a<to <t <+ <1, <b, neN}.

It is proved in [23] that E, j(w) admits the following representation formula as integral of
the Fisher information along the curve w:
dw(t) 2

1 b
E,(w) = 5/a w(t) Hw(t)

o0 otherwise,

dt if w € Hyyp, (18)

where H,; is the space of those n : [a,b] — M that take of the form of a Bochner
integral

n(t) = n(0) + /0 i(s) ds, (19)

for some finite signed measures 7)(s) being absolutely continuous with respect to 7(s), for
almost every s, and whose Radon-Nikodym derivative dn(s)/dn(s) satisfies

/bdﬁ(t)2

O gy
Moreover, it was shown in [23] that for n € H,

dn(t) lln)
Lab( ) /

Lemma 14 Suppose that f € By(E) and p € M(E). Then the curve w(t) := Sippu has

the length
b
w) = / 1 o dt (21)

H (20)

and possesses the energy

b
3 | 11 dt = 5 (48, Sugm) = (1. 5upm)

13



Proof: It suffices to note that w(t) = Syfu is indeed of the form (19) with

da(t) = (f = {f,w(t))) dw(t)

in order to obtain the formula for the length and the first identity for the energy. Finally,
note that

17120 = 47 Sugre). (22)

Thus, the assertion follows. L]

Remark 15 1. Recall from Theorem 4 that for u € D(€) and f € By(E)

d
di tZOUOStf = (Du, f)-

This shows that the arc length (21) of an exponential family for f relates to the concept
of differentiation given by D.
2. One can deduce from the preceding lemma that

p(Sqts Spie) < 2|1 f = glloo s

uniformly in 4 and for all f, g € By(E). To prove this estimate, one connects Syu and
Sgu by the curve w(t) := Syy_p)Syp, for which Lo 1 (w) < 2|/ f — glco-

Lemma 16 Suppose that w € H,p and u is a p-Lipschitz continuous function on M;j.
Then t — u(w(t)) is absolutely continuous and
dw(t)

] <t |G,

for almost every t.

In particular, if w(t) = Sipp is as in Lemma 14, then

‘%u(w(t))‘ < Lip(u) - || fllwe) for almost every t.

Proof: If {to,t1,...,t,} is any ordered partition of some finite interval [a, b], then
" (u(wts) = uw(ti1))® | diot) |12
3 < 2Lip(u) By p(w) = Lip(u)? / |
t —t; 4 > lp(u) a,b(w) lp(’U,) . dw(t) w(t)

i=1

The lemma in Chapter IT, No. 36 of [21] states that this condition implies that ¢ — u(w(t))
is absolutely continuous and that

/a ’ (%u(w(t)))Zdt < Lip(u)? / ’

Since a and b were arbitrary, the lemma follows. L]

dir(t) |12
|z s

14



Next we want to compare the energy Eo(w) = 3((f,Siu) — (f,u)) of the curve
w(t) = Sipp to the the expression Q%p(u, Sirp)?, which is in fact the energy of an energy
minimizing geodesic from p to Sipp; see [23]. To this end, it will be convenient to write
p(p, Sepp) = 2arccos g(t), where

_ ()
(e, )

Q
—~
o~

t
—exp[ = 5 [ A Sugm) = tF,Sugyan) ).

Here, the second identity follows from the fact that (f, Syfu) = % log(etf, u).

Lemma 17 Let w be a curve of the form w(t) = Sypp. Then

Sin?
0 < Boyw) — LESEY < g2, 4 g,

Proof: The first inequality is obvious. As for the second one, let

dy 1/2
_ o f
diu(p, A) 2 an dn dn or 7> p, A

denote the Kakutani-Hellinger distance of y and A (times a multiplicative factor). Equa-
tion (2.9) of [23] states that p(u, A) > dxn (i, ). Therefore

t
p(p, Sepp)? > diu(p, Sepp)® = 8 — 8q(t) > 4q(t)/0 (f,Sspn) = (f5Sspom) ds.

With the notation g(t) := (f, Sirp) — (f, 1) it thus follows from Lemma 14 that

2t —t

5= Boulw) ~ 2T < 2ot —200) [ gt6) — to2) ).

Applying the mean value theorem to the term in parentheses, we obtain the existence of
some £ € [0,¢] such that

¢
5 < 390 + 59'6) 2O [0(€) ~9(¢/2] ~ a©)[o(€) ~ ¢/ [ 9(e) - s/ s

—

The identity (22) implies that g is increasing. Hence, we may drop the last term above.
Using that 1 —¢(§) < 5 fo g(s/2)ds, it follows that

3

< g[g'@l) F9(O)] - &9(E) + 50 (E)d (@),

for certain &; € [0,¢] and &2 € [£/2,€]. Thus

from which an easy calculation concludes the proof. L]
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The following proposition states that energy-minimizing p-geodesics can be approxi-
mated by curves which are piecewise exponential families.

Proposition 18 Suppose that p, A € My satisfy A < p, and € > 0 is given. Then there
are f1,..., fn € By(E) such that the curve w(t) defined for 0 <t <1 by

k k+1
w(t) := S(t—%)kaS%fk"'S%fl“ for;StST (23)

satisfies p(w(1),\) < € and Eo1(w) < $p(u,\)? + €. Moreover, the same is true if we
replace the latter condition by Lo 1(w) < p(u, A) + €.

Proof: First note that we may assume without loss of generality that dA/dy is bounded
above since we can approximate A in p-distance by measures which do have a bounded
Radon-Nikodym derivative with respect to p. Next, let r := p(u, A)/2 and define a curve
v :[0,1] = M; by

dvy(t .
M = (cosrt—cotr sinrt +

du sinr @

sinrt d)\)2
Then ~ is the unique energy-minimizing geodesic from y = (0) to A = (1) in the
sense that p(y(s),v(t)) = |t — s|p(u, A) for s, t € [0,1]; see [23]. Consequently, Eq1(y) =
p(u,\)%/2. Moreover, we can assume without loss of generality that d\/du is bounded
away from 0, because otherwise we can replace A by (t) for ¢ close to 1.

There exists a constant ¢ such that

dry(t
—c|t — s| < log () <cl|t—s|.
dy(s)
So, if we let .
dy(3)
Ji= nlog 'fl ’
dy(*57)
then ||fillo < c and (%) = Slfi'y(%). Moreover, it follows from Lemma 17 that, for w
defined as in the assertion with this choice of fi,..., fn,
A2 41 +c¢/n
Eou(w) < p(u2 Rt . /n)

Making n large proves the first part of the proposition. In order to replace the energy
functional by the arc length, just note that L§; < 2Eq; by (18) and (20). [
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7 A Rademacher theorem

Theorem 19 Suppose u € L?(m). Then the following conditions are equivalent.
1. uw € D(€) with ||[Du(p)||, < L for m-a.e. p.
2. u possesses a p-Lipschitz continuous m-version with Lipschitz constant at most L.

3. There exists a measurable subset Q" of My having full m-measure, an m-version u
of u, and a measurable function Du : Q* X E — R such that the following holds.

o For all p € O, ||Du(y)]|, < L.
e If f € By(FE) then

WS =W (Bug), )y ast 0,
for all p € Q* and in L%(m).

In fact, one can take for uw any p-Lipschitz continuous m-version of u, and the
function Du is a version of the gradient of u.

Proof of Theorem 19: Condition 3 implies 1 by Theorem 4, so let us start by showing
that 3 follows from 2. Let u € L?(m) itself be p-Lipschitz continuous with L = Lip(u).
For f € By(E) consider the set

0 {ME | M) =)

Gy as t— 0, and |G ()] < L- ||f||u}-

Then Q is measurable, because ¢ — u(S¢su) is Lipschitz continuous by Lemma 16, and
so the existence of %ir%%(u(stfu) — u(u)) is equivalent to the existence of the limit of
H

L(u(Srpp) — u(p)) for r — 0, r € Q. Moreover, we claim that Qf has full m-measure.
Indeed, if u is fixed, then it follows from Lemma 16 that the set of all s € R for which
Ssru € Qf has full Lebesgue measure. Thus

1 1 d’moss_f1
O:// I C(szp)dsm(du):/ / ———dmds.
o % o Jag¢  dm

But dm o S;fl /dm is m-a.s. strictly positive, and hence m(Q?) =0.
For the next step, note first that it follows from Lemma 16 that

sup

USigr)
—1<t<1

(1) L[
< sup 7 [ Il s <28 e,
—1<t<1 t Jo

where || - || is the usual supremum norm on By(E). Thus, dominated convergence implies
that, for all v € FCy°,

.1
/’UGfdm:%I_)H(l)g v(uo S —u)dm.
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Applying Lemma, 3 to the integral on the right hand side and using the continuity of
t — u(Sipp) yields the identity

/'UGfdm: —/ (Do, f) + (Af, )] wdm.

So, if f can be written as a1 f1 + -+ + ar fr with a; € R and f; € By(E), then

/dez [ (00, 29+ ag ] wam = [ o Zedm

Since v € FCp° was arbitrary, it follows that

k
Gf = Z aini m-a.S.
i=1

Next, endow FE for the moment with a compact metric topology and take some count-
able Q-vector space F which is dense in C(FE) with respect to uniform convergence and
which is stable under the mappings f — (—n) V f An for n € N. In particular, F will be
dense in L?(p) for any measure p € M. Take Q* to be the set of all 1 € M fer 2y for which
f — Gy(p) is a Qlinear mapping on F. Clearly m(Q*) = 1. Since |G¢(u)| < L - ||flus
we can extend G.(u) to a continuous linear functional (again denoted by G.(u)) on the
Hilbert space T, M. Therefore, we obtain the existence of a function 5u(u) € T,M;
such that Gf(u) = (Du(p), f)u and ||l~7u(,u)||u < L. This yields the first part of assertion
3.

The second part of 3 is already clear if f € F. To pass to the general case, take f, g €
By(E) and consider the curve w(s) := Ssg—f)Stsp- Then w(0) = Sypp and w(t) = Syyp.
Therefore, Lemma, 16 yields that

t
u(Sepp) — u(Sig)| < %ﬂﬂLélw—fM@d&
Thus, if g € F, then

w(Sirp) —ulp) 5
= |

g _ _ L [t ~
15 Z U (B, g), | + / lg = fllus) ds + 1 Du(e2) lullg = Fllu-
0

IN

Since g € F, the first term on the right hand side tends to 0 as ¢ — 0. As for the integral
term, note first that

dw(s) es(g_f)+tf
du (es=D*E, )

< exp [2/s] - lglloo + 21t — 5| - | 1] -
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Since our assumptions on F allow for taking g such that ||g||cc < 14| f||co, We can assume
that there exists a constant ¢ depending only on f such that dw(s)/dp < ¢, uniformly in
|s|] < |t| < 1. It follows that, for t — 0,

w(Sirp) — ulp)

: — (Du(p), f)u| < o(1) + (L +L)llg = fllu

which can be made arbitrarily small by making ||g — f||, small. This proves assertion 3
of Theorem 19.

Next, we will prove that any v € D(E) with ||[Du(u)||, < L for m-a.e. p possesses a
p-Lipschitz version 4 with Lip(4) < L. To this end, let us first consider the case in which
E is finite. By (15), we may assume without loss of generality that v({z}) > 0 for every
x € E. Then it follows from (6) that also u({z}) > 0 for m-a.e. p and each z € E.

Lemma 20 Suppose that (vp)nen s a sequence of functions converging to 0 in L?(m),
and f € By(E) is given. Then f: |vn © Sg¢|ds — 0 in m-probability, for all v, t € R.

Proof: This follows immediately from

T dm——// om0 S0y 2 ‘sfdsdm

and the uniform boundedness of the occurring densities. []

Now suppose that Du is an m-version of Du such that ||5u(u)||“ < L for all y €
M1 (E). Choose a sequence (uy)nen C FCp° approximating v in the Dirichlet norm, i.e.,
Up — u in L2(m) and Du, — Du in L?(m). Take f € By(E), and apply Lemma 20 to
the functions v, (1) = [[Dup(p) — Du(p)||,- We obtain the existence of a subsequence
(¢n, )ken, depending on f, such that for m-a.e. p € My

Un, (1) converges to a finite limit uy (1), and

t o~
/ | Duny (Sspp) — Du(Sspu)lls,ppuds —> 0 for all r and t. (24)
T

By a diagonalization argument, we can find a subsequence (un, )ken such that (24) holds
for m-a.e. p and simultaneously for all f € F, where F is as in the first part of proof.
Denote by g the set of all 4 € M; for which (24) is true. Clearly, uy is a m-version of
u on €. Suppose we had already shown that

Uco 18 p-Lipschitz continuous on Qg with Lip(us) < L. (25)

Then we could define @ as the McShane extension of uy:

() = sup [uao(N) — Lp(, V)] . (26)
A€o
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which coincides with uy on Qg and is p-Lipschitz continuous with Lip(4) < L; see [16].
Thus @ would be the desired p-Lipschitz version of u.
But it remains to prove (25). To this end, let us note first that by (24)

t
tny (Sept) = umg (1) + /0 (Dt (Sagis), £, e s

t ~
— Uoo(,“)+/0(DU(szH)af)szudSa

for all 4 € Qp, ¢t € R, and f € F. Therefore, it follows that for allt € Rand f € F
St fQO g Q() and

t o~
oo(Si51) = i) + [ (BulSugi). Nsuds  for € .

Since it was assumed that | Du(-)|| < L, it follows by Lemma 14 that

t
hoo(Sts11) — oo ()] < L /0 1Fll5,pmds = L - Toy(S.g1).

Thus we can conclude (25) from Remark 15 and Proposition 18, and the assertion is
proved in case where F is finite.

In order to treat the case of general E, we will borrow from [7] the idea of a finite-
dimensional approximation, for which we have prepared in Section 5. To this end,
choose an increasing sequence A1, Ao, ... of partitions of E with B = o(J,, A,). With
the notations and results of Section 5 we find that (Da,ua,,Da,ua,) < L ma,-a.e.
Therefore, ua, possesses a modification %, which is pa -Lipschitz continuous with
Lip(@a,) < L. Let uy := lim, @ia, o ma, on the set Q¢ where this limit exists. Clearly
m(Qy) = 1 by martingale convergence. Also, uy is p-Lipschitz continuous on 2 as
oA, (Ta, A, A) = p(u, A) for all g and A. So we can again use the McShane extension
(26) of us to obtain the desired function 4. []

8 The Bhattacharya distance and potential the-
ory

For the moment denote by (u) the mean [ udm of a function u € L' (m). Since the metric
p is bounded above by 7, Theorem 19 yields that for u € D(E),

o= €| o my < 7l 1Dl | ey (27)

Equation (8) implies that = is in fact the optimal constant. An L2-version of this estimate
was proved by W. Stannat [25]. In the L2-case, the optimal constant is different from 7.
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At first sight, Equation (27) might suggest that we are close to a finite-dimensional
situation, and that one can expect results which hold on (locally) compact spaces like
Riemannian manifolds. K.-T. Sturm obtained such kind of results in the setup of regular
Dirichlet forms; see e.g. [28], [27]. This analysis, however, relies strongly on the behavior
of the intrinsic distance function p(y, -) to fixed points g and on the growth of the volume
m(Bf (u)) of p-balls Bf () of radius r around p. But if F is uncountable and the intensity
measure v is diffuse, we can obtain that for any p the function p(u,-) is m-a.s. identical
to the constant m. Hence, we find a singular volume growth behavior:

0 ifr<m,
m(Bf(p)) = .
1 ifr=m.

Indeed, to see that p(u, A\) = 7w for m-a.e. A, just note that a typical A is concentrated on
an i.i.d. sample of countably many points of distribution v/|v|. Therefore, A will almost
surely be singular to any given measure p. But if A and y are singular, then p(u, A) = .

This volume growth behavior can be seen as a truly infinite dimensional aspect of the
situation encountered here, and it reflects the non-separability of M; in the p-topology
(which is same as the topology induced by the total variation distance, by (17)).

So, instead of looking at the p-distance to a fixed point in M; we turn now to the
study of the function

pc(n) = inf p(X )

for subsets K of M. For simplicity, we assume throughout this section that F is endowed

with a Polish topology and that M carries the corresponding weak topology. The reader
is referred to [15] for the notions associated with the capacity of a Dirichlet form.

Lemma 21 1. There exists a countable set {ui,us,...} of continuous functions in
FC° with (Dug, Duy) < 1 such that p(A,p) = supgen [uk(A) — ug(p)] for all
A, p€ M.

2. p: My x M1 —[0,7] is lower semicontinuous.

3. If K is compact, then px : My — [0, 7] is lower semicontinuous and, hence, mea-
surable.

4. If E is a finite set, then px is continuous for any K.

Proof: 1. Take a sequence fi1, fo,... of bounded continuous functions on E generating
the Borel field B. Let D denote the (Q-algebra generated by these functions and the
constant 1, and suppose in addition that D is stable under the mapping f — 0V f A 1.
Next let C,, denote some countable set of functions which is dense in the set of compactly
supported C'-functions on R” with respect to the topology of uniform convergence on
compacts. Then

Fi= |J{F(im o ns) | FE€Cas fryo s €D}

n=1

21



is a countable subset of FCy°. Moreover, Proposition 1.3 of [23] and its proof show that
F can replace FCp° in (8).
2. Let

pn(As ) 1= sup [k (A) — ug ()] (28)

where the uy are as in 1. Then p,, is continuous on M; x M; and pp (A, 1) 7 p(A, p).
Hence, p is lower semicontinuous.

3. Suppose that (u,) is a sequence converging to p in M, and take a subsequence
(fn,,) such that px (pn,) = lminf, px(uyn). By compactness of K, there are A, € K such
that px(un) = p(An, pn). Passing to a subsequence if necessary, we may assume that A,
converges to some A € K. Thus, by assertion 2,

pr (i) < p(A, p) < liminf p(Any, pin, ) = lim inf px (pin) -
koo ntoo

4. If F is finite, then p is continuous. Thus, px is upper semicontinuous as an infimum
of continuous functions. Moreover, pg coincides with pz, where K is the closure of K.
As K is compact, px is also lower semicontinuous by 3. L]

Proposition 22 If K is compact, then pg is an E-quasi continuous function in D(E)
and pg satisfies (Dpg,Dpg) <1 m-a.e.

Proof: Let px (1) := infyck pn(A, 1), where p,, is as in (28). Clearly, pk ,, is increasing
in n and less than pg. Next, we will show that in fact pxn 7 pr(p) for all p € My. To
this end, take some a < px () and let Uy, := {\| pn(A, ) > a}. Then U, is open and for
each X € K there is some n) € N such that A € Uy, . In other words, {U, |n € N} covers
K, and we can hence find some n¢ with K C U,,. But this means that px () > o for
all n > ng, which proves that pg (1) 7 pr (1)

As in the second half of the proof of Lemma 21, one shows that pg, is both up-
per and lower semicontinuous and, thus, continuous. Moreover, it is easily seen that
pK.n is p-Lipschitz continuous. Hence, Theorem 19 implies that px, € D(E) with
(Dprp,Dprpn) < 1 m-a.e. Therefore, px is the pointwise limit of continuous func-
tions with bounded Dirichlet norm, which implies the assertion by Lemma 1.2.12 and
Proposition I11.3.5 of [15]. [

Corollary 23 Suppose that M C My satisfies m(M) = 1. Then the complement of its
closure in p-distance (or, equivalently, in total variation norm),

{ore >0} = {xe M| Jg{/{l|)\—u||var>0},

is an ezceptional set for (€,D(E)).
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Proof: By inner regularity, there are compact sets K; C Ky C --- C M such that
m(K,) /' 1. By Proposition 22, pg, € D(€) and &(pk,,,pKr,) < 1. Moreover, pg, is
£-quasi continuous and vanishes on K,,. Let u denote the pointwise limit of the functions
Pk, as n T co. By the same arguments as in the proof of Proposition 22, u is £-quasi
continuous. Since m(u = 0) = 1, we have u = 0 £-quasi everywhere by Proposition I11.3.9
of [15]. But {u =0} C {pap > 0}. That p and || - ||,.. generate the same topology on M;
follows from (17). L]
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